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EXTREMES OF STATIONARY GAUSSIAN STORAGE MODELS 

KRZYSZTOF DEBICKI AND PENG LIU 


Abstract: For the stationary storage process {Q{t),t > 0}, with Q{t) = sup^>j (A(s) — X{t) — c{s — t)^) , where 
{X{t),t > 0} is a centered Gaussian process with stationary increments, c > 0 and /3 > 0 is chosen such that Q{t) 
is finite a.s., we derive exact asymptotics of P ^supjgjQ Q{t) > uj and P (inftg[o_r„] Q(i) > u), as it —>■ oo. As a 
by-product we find conditions under which strong Piterbarg property holds. 
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1. Introduction 

Let {X{t),t > 0} be a centered Gaussian process with stationary increments, a.s. continuous sample paths and 
variance function cr'^it). Given c > 0 and /? > 0 , consider the stationary storage process {Q{t),t > 0}, with 

(1) (3(t) = sup (A(s) — A(t) — c(s — t)^) , f > 0, 

S>t 

where c > 0 and /3 > 0 is chosen appropriately to guarantee a.s. finiteness of Q{t). 

The stimulus to analyze distributional properties of {Q(t), t > 0} stems, for instance, from its straightforward relation 
with the theory of reflected Gaussian processes, its applications in widely investigated Gaussian fluid queueing models 
and, by duality, its importance in risk theory. In particular, for /3 = 1, by Reich representation |15| . Q{t) describes 
the stationary amount of substance in reservoir, where the inflow to the reservoir in time interval [s,t] equals to 
X{t) — X(s) and the rate of outflow is c. 

Motivated by the above applications, <5(0) has been studied in the literature under different levels of generality, 
e.g., [ID, 0, 0, 0, 0, 0, m- Particularly vast interest has been paid to the analysis of storage models, where 
X{t) = Bnit) is a fractional Brownian motion (fBm) with Hurst index H G (0,1) and /3 = I, leading to derivation 
of exact asymptotics of P (<5(0) > u) as u —t oo in 0 and a surprising asymptotic equivalence 

(2) P I sup Q(t) > u I ~ P (<5(0) > u) ^ P ( inf Q(t) > u] , 

\ie[o,T„] J / 

as u —>■ oo, providing that H >1/2 and = o{u h ); see [14], 0. Property (0) is nowadays referred to as 
the strong Piterbarg property. In 0 it was observed that 0) holds also for storage processes with self-similar and 
infinitely divisible input without Gaussian component. 
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In this contribution we focus on asymptotic properties of 

(3) := P [ sup Q(t) > u 

\tG[0,T„] 

and 

(4) tjjipUu) := P ( inf Q(t) > u 

as M —>■ oo, for wide class of Gaussian processes X and ranges of Tu- As a result, we extend findings of [6], where 
the asymptotics of P (Q(0) > u) was considered. Moreover we generalize [T^ and [4] where the exact asymptotics 
of and were studied for fractional Brownian motion model with (3 = 1. As a by-product we find 

conditions under which the strong Piterbarg property phenomena ([2]) holds for general Gaussian X and (3. 
Organization of the paper. Some necessary notation are introduced in Section 2, whereas the main asymptotic 
results are presented in Section 3. In Section 4 we apply derived results to the analysis of and for 

X being a sum of independent fractional Brownian motions. The proofs of main results are given in Section 5. The 
Appendix contains proofs of some lemmas that are of technical nature. 

2. Notation 

Throughout this paper we assume that {X{t)^t > 0} is a centered Gaussian process with stationary increments, a.s. 
continuous sample paths, A(0) = 0 and variance function satisfying 

AI: cr^(t) > 0,t > 0 is regularly varying at infinity with index 2aoo G (0,2) and twice continuously differen¬ 
tiable on (0,oo). Further, its first derivative cr^ and second derivative cr^ are both ultimately monotone. 

All: is regularly varying at 0 with index 2 q;o G (0, 2]. 

Assumptions AI-AII allow us to cover models that play important role in Gaussian storage models, including both 
aggregations of fractional Brownian motions and integrated stationary Gaussian processes; see, e.g., [niHiiais]. 
AI-AII go in line with [B], where the exact asymptotics of P (Q(0) > u), as u ^ oo, was derived. 

Recall that fractional Brownian motion Bh = > 0} with Hurst index H G (0,1) is a centered Gaussian 

process with continuous sample path and covariance function Cov{BH{t), Bh{s)) = ^ ■ 

For X{t) satisfying AI-AII, c > 0 and (3 > ^ we define the storage process {Q{t),t > 0}, where 

Q(t) = sup (A(s) — X(t) — c{s — tY) , t >0. 

S>t 

Note that assumption (3 > ensures that Q{t) is finite a.s. for any t > 0. 

In order to formulate the main results of this contribution, following [4], let 

(5) : C{M) R, 

be a continuous functional on the Banach space C{M) of all continuous functions on compact set M C W^,d > I 
with the norm ||/|| = sup^g^ I/(*)!> satisfying 
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FI: |^’(/)| < suptgM/(*)- 

F2: $(a/ + b) = a$(/) + b, for any a,b > 0. 

Then, for a centered continuous Gaussian field V = {V{t) : t £ such that F(0) = 0, 

( 6 ) Ccrnt). V(.)) = + 

and 

El: E {V{t) - V{s)f = (jl{t-s)< G\t - 

with G,ai > 0, we introduce the generalized Pickands’ eonstant 


UyiM) = E . 


We refer to [3] for the finiteness of 'Hy(M). In particular, for M = with Si > 0,1 < i < d, and 

$(/) = sup^gj^d jp g.j f{t), we use notation 'Hy(nf=i[0: Further, for d = 1, let 




lim 
5—>-oo 


'Hy[0,5'] 

S 


providing that the above limit exists, where "Hyp, S'] := 'Hy([0, Sj). We refer to [13], |S], |5] and |3] for the analysis 
of properties of Pickands’-type constants. 

We write fu{t) f{t) for t £ D meaning that the convergence is uniform with respect to t in the domain D as 
u —>■ oo. By Q and Qi, f = 0,1, 2, • • • , n we denote some positive constants which may change from line to line. By 
It (•) we denote the generalized inverse function to cr(-), 'I'(-) denotes the tail distribution of the standard Normal 
random variable. We write f{u) ~ g{u) if lim„_>oo = 1- 


3. Main Results 


In this section, we present the exact asymptotics of and In further analysis we tacitly assume that 

the variance function tr^ of X satisfies both AI and All. 

Let 


ip := lim 


0-2(yl//3) 


w—>-00 ll 


assuming that the limit exists. As it is shown below, according to the value of ip, the asymptotics of takes 

\ 1//3 


different form. Additionally, we introduce ( 
(7) A{u) := 


c{p-a^) J 


and set 


^ ( "^(i+cA 0 ’ */^ = oo or 0, 

I, ifip£{0,oo). 


Let 


A = 


C{P - (Too) 


-a^/P 


P 


P -0(0 


B = 


C{P - ttoo) 


-(aoo+2)//3 


(Too/3, m*(u) = 


u(I + c{t*Y) 
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Theorem 3.1. Suppose that ip = 0. 
[0, oo), then 


a) If 


A(«) 


,sup^ ^ rn ^nl /2A7r (. u(l + ci'^)^ 

■»T. («) ~ Hb., [0, p\Hb.,sI— (l+cr.g)AM * (,§£ B{uWt) ) ' 

oo and r„ = with /3i € (0,1/2), then 





u'^/P ^a{u^^^T*) 
(1 + CT*P)/S?{u) 


(■ r m( 1 +Ct^) \ 
^t>o a{u^lPt) ) ■ 


Theorem 3.2. Suppose that p G (0,c»). 


i) If Tu ^ p £ [0, oo), then 




n 


1 + c(t* 
V2<p(T*y^^o> 


■X 


[Q,p]'H 


B (l + cr*/3)A(M) 






( i„t ). 

^(>0 a[u^/Pt) J 


ii) IfTu^oo and ) with fix £ (0,1/2), then 


ryf(u) 


n 


1 + c{t*)0 ^ 

'/2tfi(T* )^“oo 



yl//3 lcr(M^/^T*) 
(1 + CT*P)/SS{u) 




(■ „u(l+_ci^\ 
lvt >0 (j{u^/Pt) j ■ 


Theorem 3.3. Suppose that p = oo. 
[0, oo), then 






2ATru^'P ^cr('u^/Pr*) /. u(l + ci“) 

B (1 + CT*^)A(4t) \t>o (j{u^/Pt) 


ii) If —>■ oo and r„ = 0 ( 6 ^^^"* ) with /3i G (0,1/2), i/ien 


~ (’^B, 



yi//3 icr(n^/^r*) 
(1 + ct*P)A'^{u) 




/. n(l + rf^) \ 
\t>o (j{u^/^t) J 


The above trichotomy with respect to the value of p goes in line with findings of Dieker , where the asymptotics 
of P (Q(0) > u), as u — 00 , was derived. 

The following theorem deals with the asymptotic behavior of the tail distribution of tj}ip^{u). 


Theorem 3.4. i) If p = 0 and —?► p G [0, 00 ), then 


V’t, 


inf,' 


(«)~^bL[0,p]Hb„ 


2^71 ^cr(M^/^T*) /. u(l + ct^) 

-mf - 

B (1 + CT* ^)A(n) \t>o a{v}/Pt) 


ii) If p £ (0,oo) and r„ —>■ p G [0, 00 ), then 




T/inf 

ti- l+cO*)P 


X 


[0,p]H_ 


2Al7r u^/^-^aiu^/^T*) 
B {1 + ct*P)A{u) 


4' 


inf 

t>o 


u(l + ct^) 
afuf! Pt) 


Hi) If p = CO and P £ [0, 00 ), then 


'0T, 


inf 7 


[0,p]Hb„ 


2Attu^^P ^(yiu^^^T*) / M(l + ct^)\ 

B (1 + CT* P)A{u) vf>o (j{u^/Pt) J 


Combination of the above findings straightforwardly leads to the following corollary that deals with the strong 
Piterbarg property for Q, extending results derived in [1]. 





































EXTREMES OF STATIONARY GAUSSIAN STORAGE MODELS 


5 


Corollary 3.5. Suppose that —>• 0. 

Then 

~ tpT^iu) ~ tpoiu). 

Remark 3.6. The relation ^ ^ 0 m Corollarv \3.5\ is optimal. Indeed, if ^ —>■ p > 0, then comparing Theorems 

\S.1\. \8.‘A \3.3\ and \3.4\ none of the asymptotic relation in Corollarv \3.5\ holds. 

4. Application to heterogenous fluid queues 
Consider the stationary storage model 

(8) Q(t) = sup {BHi (s) - Bui (t)) - c(s - t)^'j , t > 0, 

where Bff^(t),l < i < n are mutually independent fractional Brownian motions with indexes 1 > Hi > H 2 > 
• • • > Hn-i > Hn > 0 respectively and /3 > Hi. It is straightforward to check that u'^it) := Var (XLi ^Hi{t)) = 
ELi satisfies AI-AII with oq = ‘^Hn and a^o = 2Hi, which in the light of Theorems 13.1115^ and 15751 leads to. 


Corollary 4.1. Suppose that 2Hi < (3. 

i)IfTuU~Fmr ^ p 1 j as u ^ 00 , with p G [0,oo), then 

/sup/ / n, rn in, /Tt (1 + c(r*)^) H„+fl-2Hj+H^H„-l3Hr, ( y(l + ct^)\ 

V't„ ~ [0/ 2 2 n \\ ~ H, (2-H„) “ \t>0 0^(T7^t)'j ’ 


^ (r *)—^ - 


(3 - 2iTl - y *y \\2 

IfTuU f'"" —?► oo and r„ = ) with /?i G (0,1/2), t/ien 




.n h„-2 [Att (1 3- n„” H„+23-4ni+nin„-3H„ / ^xll + cf^lN 


Corollary 4.2. Suppose that 2Hi = ft. 
i) If Tu ^ p G [0, oo), then 


^ l + e(T*)/3 Rjj. l + e(T*)3 




U2(^*)= 


2A7r (t*)^i 

_ ^ _ , 7 . • 

E"=i Sh. V R (1 + cr*/3) 


u(l + ct^) \ 

t>o aY,{uf/^t) J ’ 


m/ //T„ —>■ oo and T^ = ) with fti G (0,1/2), t/ien 

2 

'P('„0 .. . (u „ 1 

^T, 




2A7r i-ui /, M(l + ct^)\ 

E?=1 SnJ V R (1 + CT*/3)^““ '''' ^ (^t>0 (Ts(MV/3t) j ' 


Corollary 4.3. Suppose that 2Hi > ft > Hi. 
i) If TuU p 




!iTl \ 

V i+c(r»)ii> J ' ^ [0,oo), then 

_ 1-tfl 

^1-1 AtT (1 c(t*)^) 0-Hi)(i-ffi) 


[0,p]Rb„^2^ 

P--2H, 


B (r*)2-^i 

w/ If Tuu'^-3- oo and T„ = with fti G (0,1/2), t/ien 


u(l + ct^) \ 

i>o as(u^^^t) J ’ 




/Tr (1 + c(T*)'^)“fT^ 2g-3ni^+Hi"-gni ^ „,(1 + nt^) 


R 


(T*)4-^fl 


'4' I inf 

v*>o (Ts 


(u^//^t) J ■ 
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2Hi -1 


Remarks 4.4. Following [4] and |14) . if n = 1, Hi > 1/2, /3 = 1 and = o(u ), i/ien ^ 

Combination of results derived in Section\^ to the model considered in this section extends this findings to n > 1, 

2Hi-/3 

2Hi> I3> Hi and T„ = o{u^^). 


5. Proofs 


In this section we present detailed proofs of the main results of this contribution. 
Following the same line of reasoning as in m , we write 

= IP ( sup Q{t) > M I = P [ sup supZ„(s,t) > m(u) 
\ te[o.r„] J \ s>t 


UU Y / X(C'^s) — X(C'^t) 1 + CT- J / \ . f U(L+Ct‘-) 

with Zu{s,t) = m{u) = mit >0 

Hereafter, for a given process V(t), we denote V(t) := Yitf/ayit). By /i, h we mean the hrst and second derivative 
of twice continuously differentiable function h, respectively. To short the notation we set cr2(s) = E 
and := Cou(Z„(s, t), Z„(si, ti)) = E a(uFf<(s-t )) — a(uFP(s^\)) —j ,s > t,si > h. 

The following lemma slightly extends Lemma 2 in [^ , by providing asymptotics for the tail distribution of functionals 
introduced in ([S]) and fulfilling F1-F2 instead of sup functional considered in [5]. Following the setting given in 
[6], let {Ku} be a nondecreasing family of subsets of Z™ with m > 1, and G M},u > 0,k G Ku be 

a collection of centered continuous Gaussian fields on a compact set M C K.'^. We assume that the variance of 
equals 1. Let with k G be such that (see i) 

PI inffeg/f^ gk(u) —?► oo as u —>■ oo. 

P2 There exists a centered Gaussian field {V{t),t G with covariance as in ([5]), satisfying El, such that 
supfcg/g^ |0fc(u, s, t) — ay{t — s)| —>• 0 for any s,t G M. 

P3 For some ? 7 i, • ■ ■ , > 0, 

9k{u, s,t) 


u(l+cF) 


limsup sup sup —2 -’—^- < OO- 

u^oo s.t&M |sj — 


P4 


limlimsup sup sup gl.{u)E, ((x^'^’'^\s) — = 0. 

e-FO u-loc fceKu |s-t|<£,s,tGM ^' ' 

Lemma 5.1. Suppose that P1-P4 hold for functions gk, Ok and Gaussian process V. Let $ : C{M) —^ K &e a 
continuous functional fulfilling FI and F2. If 


(9) 

then 


lim sup sup 


lim 

U—¥00 


Far 

^ G. , - ~ ^ 

(li, 

P(cl>(X(“''=))>gfe(u)) _ . 


= 0, 


^{9k(u)) 

provided that P > gk{u)) > 0 for u large enough, and 


= nZiM) 


(10) 


P($(X(“’'“)) >gfc(u)) 
limsup sup -———— - < cx). 

u^oo k^Ku ^ \9k{'^)) 
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The proof of Lemma [HT] goes line-by line the same as the proof of Lemma 2 in [^; see also proof of Lemma 1 in [4]. 
We present main steps of the proof in Appendix. 

Lemma 5.2. Suppose that a‘^(t) satisfies AI-AII. Then there exisit 7 € (0,2), Ci > 0 and C 2 > 0 sueh that 

Cit^ < a^{t) < C2t'^, 

holds in a neighbourhood of zero. 


Lemma 5.3. For u large enough, tT„(r) attains its unique maximum Tu £ [0,oo) so that Tu —> r*, as u ^ 00 . 
Moreover, 


( 11 ) 

where bu ^ h = ^. 


= 1 - - T„)^(l -b 0(1)), 


r Tu, 


Let E{u) = {tu - 6y,,Tu + 5u) with 5u = ^ ■ 

Lemma 5.4. The correlation function ru{s,t,si,ti) satisfies 


lim sup 


1 - ru(s,t,si,ti) 

(T^(u^/ ^ |s —Si — 

2(t2(u1//3-7-*) 


= 0 . 


Lemma 5.5. For u large enough and any 5 > 0, there exists a constant 0 < < 1 such that 


Tu (s, t, Si, ^ as 

holds for all |t — ti| > 6, s — t, si — ti £ E{u). Further, 

lim sup ru(s, t, si, ti) = 0, 

\t — ti\>R,S — t,Si — tiC:E{u) 

holds uniformly with respect to u for u large enough. 


We provide complete proofs of Lemma 15.1115.2115.3115.41 and 15.51 in the Appendix. 

The following lemma deals with the asymptotics of supremum of Gaussian field Zu{s,t) over a parameter set that 
is away of the neighbourhoood of the maximizer of the variance of Zu{s, t). 

Recall that 

iftp = 00 or 0 , 
ify) £ ( 0 , 00 ). 


A(m) = 




y u(l+cr*^) 


t) > m{u) = O 


,1/P 


A{u)m{u) 


4'(m(M)) 


Lemma 5.6. Suppose that AI-AII hold and r > 0. 
i) IfTu = o{u^), then 
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ii) Ifu^Tu —>■ oo, as u ^ oo, then 


P sup sup Zu{s,t) > m{u) ) = 


Proof. We set r = s — t and write 




{A{u))^m{u) 


'^{m{u)) I . 


P sup sup 

\t€[0,T^u-^/P] s-t^E{u) 


Zu{s,t) > m{u) 


sup sup Zu{t + T^t) > m{u) 

1, t6[0.r„u-i/f3] T^E(ii) , 


Let X ([0,oo)\i?(u)) = 5 i,„U 52 ,„U 53 ,„, where x [0,e], S 2 ,u = x [T, oo) 

and Ss^u = x ([e, T] \ E{uj), for sufficiently small e > 0 and T G N"*". Clearly it suffices to find the 

asymptotic upper estimates of the analyzed tail probability for each set 52 ,u, separately. 

Ad. S 2 ,u- Following Potter’s theorem (see, e.g., 0), 


( 12 ) 


® (^m(^ + ''"i ^)) 


< 


Cr^(u^/^T)(1 + crjf)^ 2“-+2’7 / j + cTjf 

cr2(Mi//3r„)(l + ct/5)2 “ \Tu) Vl + CT^ 

Qr"2(/3-“~-r;)^ 


2 


- „2 2acx,+277 

C' ‘ u 


^2a^+2r)-2P 


where Q is a fixed constant and 0 < rj < ^ — Ooc- Note that by AI and Remark 15.21 we can choose 0 < 71 < 
min( 7 , 2 Q;oo) such that 


(13) 


9i{t) ■■= 


til 


is a regularly varying function at 00 with index 2aoo— 7 i > 0 and bounded in a neighborhood of 0. Therefore it follows 
from Uniform Convergence Theorem (UCT) (see, e.g.. Theorem 1.5.2 in [3]) that for t, ti G [Z, Z +1] C [0, + 1] 

and r, ri G [fc, fc + 1] C [T, 00 ), 


E [Zuit + T,t) - Zuitl + 

^ cr^(u^'’'^|t-ti|) + g^(u^'’'^|t + r-fi -nl) 

~ o{u^l^T)a{u^/^Ti) 

^ gi(M^/^|t-fi|) / gi(u^/^|f+ r-fi -Til) / |t + r-fi -Tii y^ 

~ gi{u^/Pk) \ k ) gi{u^/Pk) \ k j 

(14) < Qi(|t-tir^ + |t + r-U-Tir^)<Q 2 (|t-tir^ + |r-riri), 


where Qi,Q 2 > 0. Combining (Ha and (fHl) with Fernique inequality (see [TO]), we have 


sup sup Zu{t + T,t) > m{u) 

\iG[ 0 .T„«-i// 3 ] rG[T,oo) ) 

00 / N 

< E E Pj sup sup Zu{t + T,t) > m{u) 


< 


1=0 k=T 
[T^n-^/^] 00 

E E' 

i =0 k=T 


I tG[J,i + l] TG[fe,fe+l] 


sup sup Zu{t + T,t) > m{u) 

I tG[i,i + l] TG[fe,fe+l] 


J^iP-oiac-r)) 


< 


00 

E E 16 exp 

1^0 k^T 
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(15) 


< Qt([T«m + 1 ) exp ( - 


rj^2(P-a^-T)) 


m?‘{u) 


for T large enough, with Q 3 , Qt > 0. 

Ad. Si^u- It is convenient to bound 

(16) p[ sup Zu{t + T,t) > m{u)\ < p[ sup Zu{t + T,t){l + CT^) > m{u)\ . 

\tG[0,T„«-i//3],TG[0.£] / \tG[0,T„ii-i//3],TG[0,e] / 

Indeed the same lines of reasoning as above leads for t,ti € [^,/ + 1] C + 1] and r, ti £ [0,e], to 

E (^Zu{t + T,t){l + CT^) - Zuiti + ri,<i)(l + crf)^ 

(1 + CT^f 




E 


+ r)) - - X(Mi/'^(ti + Ti)) + 


/ on, +Cr 2 (ul/^|t + T-ti -nl) 

- + - 

on _ 0.2 fgi{u^/l^\t + T-ti-Ti\)\t + T-ti-Ti\'*^\ 

Z[L + cr^) ^71 + giiu^/^Tu) t:1^ ) 

< Q 4 (|t - + |r - Tipi), 

where Q 4 > 0. Therefore, by Fernique inequality, P ^supjgjj j^^j^^gjp ^^(t + r, t)(l + cr^) > a;^ < 8 exp , for 

all [/, / + 1] C [0, TuU~^/^ + 1] and a; > 0. Hence we can find a common a > 0 such that 
P ^supjg[; ,,.g[o „] Zu{t + T, t){l + CT^) > < 1/2, for all [I, Z + 1] C [0, TuU~^^^ + 1]. Moreover, we have 

sup E(Z„(t + T,t)(l+CT^))^ < sup ^ <Q6(-^) 

rG[0.£] rG[0,e] Cr^{u^^PTu) ^T*J 

Thus, by Borel theorem, we have that for e small enough, 

p[ sup Zu(t + r,t)(l + CT^) > m(it) I 

y£G[0,TuU“^/^],TG[0,e] J 

- ^2 Z„(t + r,t)(l + cr^) > to(u) 1 


2oio 


l—Q y ,^+l] ,tG [ 0 ,e] 


(17) 


< 2{[T^u-^/P] + l)^( -I V 


Ad. iSa^u- Similarly as for 52 ,u, we have 

E {Zu{t + T,t) - Zu{ti + Ti,ti)2 < Qrdt - + k - hT"), 

for t, ti G [/,/ + !] C [0, TuU~^^^ + 1] and r, n G [e, T]. Thus by Piterbarg inequality (Theorem 8.1 in [13]) and (ITTI) . 
for any e > 0 , we have 

p[ sup Zu(t + T,t) > m(u)] 

\(i,r)G[ 0 ,T„u-i// 3 ]x([e,T]/E(«)) / 


/ 


< 


sup Zu{t + T,t)> - 

(t.T)G[0,T„«-i//3]x[e.T] 2^ _ 


i{u) 


b f \nm{u) \ ^ 
2 d m(u) ) 
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/ 


(18) 




i{u) 


, _ b / Inm(M) V 
2 m(u) ) 

Combination of (HSl), (HZl) and m establishes the claims. 


,l//3-e 


A{u)m{u) 


'I'(m(u)) I . 


□ 


5.1. Proof of Theorem 3.1. Since 


(19) 


where 


7J‘T„('u) < '0 ™^(m) < 7r7’„(u) +] 


sup sup Zu{s,t) > ra{u) , 


ttt^{u) = P sup sup Zu{s,t) > m{u) 

\te[0.T„u-i//9] s-tG£;(u) , 


and the upper bound of P ^sup^gjg 7’„«-i//3] sup^>j s_-t^E{u) ^u{s, t) > m{u)^ is given in Lemma [5.61 then it suffices 
to focus on the asymptotics of 'Kt^{u). We note that, independently of the value of (/?, —>■ 0 as u —>■ oo. 

Let Dk{u) = [k^^S, {k + l)^^S], Fi{u) = [tu + I^^S,Tu + {1 + 1)^^S] and 4,i(w) = Dkiu) x Fi{u) with S' > 0. 
Moreover, let Ng^u = [ "C!{u)lTu)s '^ "^fcj(“) = ™(^) + (^± 0 ((^ “ 


Proof of case limu-^-oo = oo. 


a(u) 


Upper bound of ttt^ (u) . Clearly, we have 


[aWsI + 1 Ns,,j.+2+k 

tttJu) < ^ ^ 


fe=0 /=-7Vs,„-l+fe \it,s)elk,iiu) 
[ AWsl + l A^s.^+Z+fe 


sup Zu{s,t) > 'rn{u) 


( 20 ) 


< 


E E 


sup Zu{s,t) > , 


fe=0 l=-Ns,v.-l+k \(‘.s)6^»=,i(“) 

In order to apply Lemma [5Tl we have to check conditions P1-P4, for appropriately chosen Ku,gk,i,dk^i. Let 


,) k^S + 

with (s,t) G [0, S]^ and (fc,/) G '■= {(fc,/),0 < k < [ ^^)g ] + 1,—^s,u — 1 + fc < Z < + 2 + k}. Then, let 

5 fcl(u) := rnf^^{u) and 

(T^(A(zi)|s — sil) + a^{A{u)\t — til) cr^(A(it)) 


( 21 ) 


Ok,i{u,t,sUi,si) := 




^“(AW) 

for (t, s), (ti,si) G [0,S]2, (fc, Z) G Ku- 

Assumption PI holds straightforwardly. In order to show P2, we observe that, by definition of A(u), 


( 22 ) 


lim sup 

(fc,Z)GA'„ 


»*(A(«)) 


2^2,uWr.f "‘F“y> -1 


and, by the UCT, 

cr^(A(u)|s - Si|) + tT2(A(M)|Z - til) 


lim 

u—^co 


- |s - Sip““ - |t - til 


’■{Ain)) 


2ao 


= 0 


= 0, (t,s), (ti,si) G [0,S]" 
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Therefore using UCT again, we conclude that 


lim sup - |s-sip“° - 

ik,l)£Ku 


< lim 

u—^oc 


cr2(A(u)|s - si|) + a'^{A{u)\t - ti\) 


HA(ii)) 


+ lim sup 

{k,l)eK, 


aHA{u)) 


-1 


- Is-Sip^o - |t-ti|2“0 
ct^(A(m)|s - Sil) + a'^{A{u)\t - ti|) 


< lim 

U—^CO 


2CT2(ul//3r*)^ 
cr^(A(u)|s - Si|) + a‘^{A{u)\t - ti|) 


+ lim sup 


a^{A{u)) 

a\A{u)) 


a^{A{u)) 

- Is-Sip^o - 


- 1 


2a‘^{u^/P t*) 

0 , (t, s), (ti, Si) G [ 0 , 5]^, 

which implies that P 2 is satisfied. 

In order to check P3, we use that by UCT, with 71 and gi{t) defined in ([13]), 

S,tl,Sl) 


lim„_>oo sup 


U Ui-l^ sup I III 

{k,i)eK^ (t,s)/(ti,si)e[0,S]2 p - Sip^ + \t- tip^ 

a^{A{u)\s - sil) + cr2(A(u)|t - ti\) 


< limu_>oo sup 

"A 21im^t— ^00 


(GoTiL„ (M)/(Se[0,5]^ “ + |t - U|7.) 

a^{A{u)\s - si|) 


(t.s)5^(ii!^f)G[0,S]2 Cr2(A(M))|s - Si|7i 

< 00 . 

Next we focus on P4. First, in light of UCT and (l22)l 


r.T— cr^(A(it)|t — ti|) 

H” 21 im^i_>.oo sup o / A / \ \ 1 , 7 IT” 

(t.s)5^(ti.si)e[o.s]2 CT2(A(u))|t - ti|7i 


= 41im„_>oo sup 

tG[0,S] 5i(A(u)) 


limlimu_).oo sup sup | 0 fc,z(u, f, s, 0 , 0 ) - dfc,;]?!, ti, si, 0 , 0 )| 

(k,l)&K^ |(t,s) —(ti,si)|<e,(t,s),(ti,si)G[0,S]^ 


< 2 lim lim„_>.oo sup 

'=“>■0 s,t.si.iie[0.e], 

Second, it follows from Lemma TS.41 and and UCT that 


(7^(A(m)s) + cr^(A(M)t) — cr^(A(u)si) — cr^(A(it)ti) 


^(A(ix)) 


= 0 . 


< 


(”T-fej('«))^(l - ru{si{u) + ^^s,tk{u) + ^^t,si{u),tk{u))) - 0k,i{u,t,s,O,O) 

, ^^■l'^-ru{si{u)^^spk{u)^^t,si{u)pk{u)) ^ n n\ 

(mJ(M))^- „ n n^ -1 6lfe,i(M,t,S,0,0) 


< Qo5'^“” 


9k,i{u,t,s,0,0) 

^^2^-ru{si{u)^^spk{u) + ^t,si{u)pk{v)) ^ 


6 »fc,;(u,<, s, 0 , 0 ) 

with respect to (fc,/) € Ku and (t,s) € [0,5']^, where s/(u) = + l^^S and tk(u) = k^^S. 

The above leads to, for ||(f, s) — (ti,si)|| < e. 


0 , M —>■ 00 , 


< 


(™fc j - ruisliu) + tkiu) + si{u),tk{u))) - 6 »fc,i(u, t, s, 0 , 0 ) 
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A(m) 


A{u) 


(™fcj('“)) (1 “ ru{si{u) + + -jjjti,si{u),tkiu))) - 0k,i{u,ti,si,O,O) 


1//3 


+ \dk,i{u,t,s,0,0) - 9k,i{u,ti,si,0,0)\ ^ 0 , u -)■ oo, e 0 . 

with respect to {k, 1) G Ku, (t, s), (ti, si) G [0, which confirms that P4 is fulfilled. 
Thus in view of Lemma 15.11 


(23) 




nv([o,s]^) = (nB^jo,s])\ u^oc, 


where V(t,s) = (t) + B^^ (s), with B^^ and Bj^g being two independent fBms with index ao- Then, continuing 

(l2Ql), in view of (|TTHl we have 

[A(ti)sl + 1 Ns,-u+2+k 

tttJw) < ^ (^Bco[0:*S'])^«'(mfcj(u))(l+ o(l)) 

/c—0 l——Ns,u — ^Gk 


< 


< 


+ l Ns,u+3 2 

E {nB^,[^,S])H{m{u)) E (1 + 0(1)) 


/c=0 




l=-Ns,u-2 

Aid 


\ , T lA/p r°° 2 

) (&-e)~^^^[-^] . ... 4'(m(u)) / e-^ dx{l + o{l)) 

J A(u) m(u)A(u) 






-4'(m('u)), as u —>■ oo, 


{A{u))^m{u) 

with b = ^ (see Lemma 15731) . Hence, letting e —>■ 0, we obtain the upper bound for 
Lower bound ofTTT^{u). Set 

Ui = {(fc,Z, ,fci,Zi) : 0 < /c < /ci < [- 2 ^ 5 ], \ki -k\< ^^,-Ns,u + k < I < h < Ns,u + k,Ik,i{u)r\Ik^^i^{u) = 0 }, 

U 2 = {(A:,Z, ,/i:i,Zi) : 0 < /c < fci < [^^], |fci - fc| < ^^,-Ns,u + k < I < h < Ns,u + k, Ik,i{u) D Ik^^hiu) 0}i 

Ts, 3 = {{k, I, , fci, /i) : 0 < fc < fci < [^], ^ < \ki -k\< -iVs.„ + k < I < h < Ns,u + k} 

r5,4 = {{k, l ,, fci, Zi) : 0 < /c < fci < [^^], \ki -k\> 


A(ti)S' 

1 —ag 2 / N 

g4+4^7™ + fc < 1 < Zi < Ng^u + k}. We have 


[ A(u)sl Afs,u+fc 

7rT„(w)> E E 


___ ___ P sup Zu{s,t) > m{u) \ — (A,i{u) +'S 2 {u) + ^ 3 {u) + 'E, 4 {u)) , 

k=0 l=-Ns,u+k J 


where 


S,(u) = ^ P 


sup Zu{s,t) > m{u) sup ^„(si,ti) > m(M) , i = 1,2,3,4. 

{t,s)eik,i{u) (ti,si)e+i,ii(n) / 


The same lines of reasoning, as presented in the proof of the upper bound of 'Kt^{u), give the lower bound for 
(sup(( s)gjj, Zu{s,t) > m{u)^, which asymptotically agrees with the upper bound. Thus 
the remaining task is to prove that T,i(u), i = 1,2, 3,4 are asymptotically negligible. 

Upper bound o/Si(u). In light of Lemma |5.41 there exists a positive constant i5 > 0 such that for u large enough, 


all (t,s,ti,si) G Ik,i{u) X /fci,ii(u) with {k,l,kiji) G Tyi, 

1 - r„(s,t,si,ti) 


1/2 < 


|s—Si |)+cr^(u^/^ |t—I) 


< 2 . 


(7- 
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Moreover, by UCT, we have 


2 <E{Zu{s,t) + Zu{si,ti)) = A-2{1 - ru{s,t,si,ti)) 

(j2(yl//3|g _ _|_ ^2^yl//3|^ _ ^^1^ 


< 4- 

< 4-' 


2a‘^ {u^! P T*') 

|/l-^|7lg7l+|fci-fc|7lg7l 

■w?{u) 


where 0 < 71 < min(2Q:oo,7)- 
Thus 


Ei(m) < 


< 


< 


p sup Zu{s,t) > sup Zu{si,ti) > 

{k.iM,h)eirs,i ) 


E 


sup 


with = min(m^j(w),m-;;^(M)). 

In order to bound the above sum, we introduce 


ZuiSyt) + Zu{Sl,tl) > 




4-1 


111-171 S 71 + |fci-fc|''l-lS’^l 


ruit, s, s', ti, Si) := E 


{{Zu{s,t) + Zu{si,ti)){Zu{s' ,t') + Zu(si,ti))^ 


and observe that for {t, s,ti, si), (t', s',ti, s^) € Ik,i{u) x 


1 Til (t, S, ti, Si, t 5 S ,ti,Si) ^ 


< 

< 

< 


< 


E ^Zu{s,t) + Zu{si,ti) - Zu{s',t') - Zu{s[,t[)^ 

2\Je [Zu{s,t) + Z„(si,ti))^ y^E [Zu{s',t') + 

E (Z„(s,t) - (^«(si,ti) - Zy,{s[,t[)j 

2 

1 - ru{s,t,s',t') + 1 - r„(si,ti,Si,ti) 

(j2(yl//3|g _ g'l) _|_ ^2^yl//3|g^ _ _|_ 

CT2(ltl//3r*) ^2(yl//3^*) 





72 


(|s - + \t- + |si - + |ti 

m?{u) 



with 0 < 72 < min(2aoo, 7) and S > 1. 

Next we define a centered homogenous Gaussian field {X*(s, t, si, ti), (s, t, Si, ti) G R^} so that X*{s,t,si,ti) := 
(X^(s) + X^{t) + X^{si) +X^(<i))/2 with Xl{s), 1 < i < 4, being i.i.d. centered stationary Gaussian processes with 
covariance function 

ruis,s') = exp 
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Let si,ti, s' ,t', be the covariance function of X*(s,t,si,ti). It is straightforward to check that for 

{t',s',t[,s[) e Ik,i{u) X Iki,li{u), 

F-u t, Si, , S ,Si,ti) ^ 7*^ ^S, t, Si, ti, S jt ,Si,ti). 

In light of Slepian’s inequality ( see, e.g., [I] or m), we have 


Si(u) < 


sup 


X*{s,t,si,ti) > 




(m) 


< 


< 


< 


< 


{k,l,ki,h)Grs,i y(*i'*-*ii'*i)64,i(“)x-ffci,ii (“) i/4 —' 


|/i-/|^i 5^i+|fci-fc|^i 5^1 
' m^{u) 


^ 2(?^b,J0,5i])% 


1 ^ \h-l\^^s^i+\k^-k\yisyi 

m^{u) 


[k,l,ki 

[ A{u)3 ] Ns,u-\-k /"iJ rn Q 1 \ '^ 


fe=0 l——Ns,u-\-k 






-^i J " (A(u))2m(M) 

with Si = Letting 5 —>■ oo, we get that Si(m) = o(7r7’„(u)) as u —>■ oo. 

Upper bound ofTj 2 {u). We have 


with 


S 2 H < E Pk,iM,iM')+ E PM.fci.il(“)> 


PM.fci.il(^) •= IP I sup Zu{s,t) > m{u) sup Zu(si,ti) > m(M) 


PM,fci,ii('“) ■=^ I Zy,{s,t) > m{u) sup Z„(si,ti) > m{u) I , 

{t,s)eik,i{u) (ti,si)e/^^ ,^(11) 

where, without loss of generality we assume that fc + 1 = fei and, I = li or I ± 1 = h and 

4\,ii4) = [{k + 1)^4 {k + l)^S + X Fq4), 


4fei ji — 


P + 1)^5 + ^VS, {k + 2)^5,] X UAu). 


U^/P U^/P ’ U^/P 

Following the same argument as given in the proof of I]i(u), we get 

.(1) 


[ A(u)S 1 + ^ Afs,u+2+fc 

E < E E Pi sup Zu(si,ti) > m(u) 

{k,iMM)&Ts ,2 fci=o ii=-iVs,„-i+fc \(‘i’®i)e-ffci,ii(“) 


( 25 ) 


[ A{“)sl + 1 lVs,u+2+fe 
fc— 0 — 1 + fc 

2 "Hb [0,75]-Hb,,JO, S] / ^ M 

< - — - (b — e) ' V7I /. . ..n —rw'h(w(M)). 


75 75 


5 


(A(u))2m(M) 
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and, with the same Si as above 


{k,l,ki ,li)£rs ,2 


(26) 


sup t) “t" ^ 

{k,l,ki,h)&Ts,2 




4-Q3|^^ 


< E mB^,[o,si]f^ 

{k,l,ki,li)^rs^2 
[ A(u)sl Ns,u + k ,ru c 1 \ 4 

^ E E 

k—Q l — — Ns,u~\~^ 




4-1 






< 


) 


(6 — e) 




(A(m))2to(u) 


'^{m{u))Si 


-4^-Q3S-"i/= 


Combination of (1251) with (l26t implies that £2(11) = o{'Kt.^{u)) as u —>■ 00. 

Upper bound o/S3(u). The idea of this part of the proof is to apply Borel inequality. For that, without loss of 
generality, we fix S' = 1. We observe that (similarly as for I]i('u)), for (t,s,ti,si), {t', s' ,ti, Si) G Ik,i{u) x Iki,ii{u) 
with {k,l,ki,li) G Fa,3, 


IE (^u(s, t) + Zu{si, ti)) —2 + 2r„(s,t,si,ti)<2 + 2as < 4 


and 


E {Zu{sU) + Zu{siUi) - Zu{s',t') - Zu{si,ti)j 
< 4(1 - r„(s,t, s',t')) +4(1 - ru{si,Si,ti,ti)) 


< 


(i® ■ 


Thus, by Fernique inequality. 


sup 


m^(u) 


_ _ \ 1 

Z„(s,t) + ^„(si,ti) > a; < -e s, 


for any (fc, I, fci, U) G F,5 3, any a; > 0 and u large enough. This implies that there exists a common positive constant 
a such that for any (fc, /, fci, li) G r 5_3 and u large enough 


P sup Z„(s,t) + Z„(si,ti) > a < 1/2. 

y(t,s,ti,si)e/fc,i(u)x/fcj,ij(u) J 

The above implies that we can apply Borel inequality to the sum below uniformly 

^3(11) < ^ PI sup Zu{s,t) > rn{u), sup Zu(si, ti) > m(it) 

(fe,i,fci,Zi)eri,3 \(Gs)eik,iU) (ti.si)e+i,ii+) ^ 

< E 2’„(s,t) + Z„(si,ti) > 2 to(u) I 

(fe,i,fci,Zi)era ,3 \(*.s.*i.si)6 + ,i(«)x/fc,^,ij (u) J 

< / ui/(2/^)ui//^lnm(u) y / 2m(u) - o 

- A(u) m(u)A(u) J “ V V2T^ 
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< 


m[u)A^{u} ) 

,TU ! 

'i>[m{u)) I , tt —>■ oo. 


(u) 


_ (A(w))2m(u) 

This implies that S 3 (m) = o{'Kt^(u)) as u —>■ oo. 

Upper bound o/S 4 (u). Let 0 < e < be given. Then, for u large enough, r„(s, f, si, ti) < e holds for \t — ti| > 

g8+8aj™ (“) g — £ E{u). Thus similarly as for 113 ( 11 ), we have 


24 ( 11 ) < 


Tu 11 ^'^^ Inm(ii)^ ^ I'2m{u) — a 

A(ii) m(ii)A(ii) / \ V2 + 2e 


11 ^/^ lnTO(ll)\ ^ , , ,, 1 3,)m^(u) I 

———m 11 e Pil'" w+ 1 + 


M 


= o 




4'(m(it)) ) , 11 —>■ 00 . 


(A(ii))2m(ii) 

Hence S 3 (u) = o(7rT^(u)) as u —>■ 00 . 

Note that if for some T^, r 5^3 or r 5,4 are empty then the above inequalities are still valid. This completes the proof 
of ii). 

Proof of case limK->.oo = P & (0,oo). The proof of this case is similar to the proof of the previous case. Thus 
we focus on the tiny details that differ from the arguments used in the previous case. 

For (P± X [tu + l^S,Tu + {l + 1)^5] we have 


lVs,„+l 

7rT„ (u) < 


< 


< 


(27) 

with Ns^u and •ni^'^iu) defined below (1201) . Similarly, we have 


sup Zu{s,t) > rn(u) 

Ns,u+1 

Pj sup ^„(s,t) > mp j(ii) 

l = -Ns,n-l 
Ns,u + 1 

E [0, P + e]nB^^ [0, 5]'I'(m-j(ii))(l + 0(1)) 

l = -Ns,n-l 

/ iir//5 

[0, p + e\HB^^ {b - e) ^^^V^T7TZr7TT^(™(w)): 


A(u)m(u) 


Ns,n 

7 rT„ ( 11 ) > E 


_ sup Zu{s,t) > m{u) I -E2((ii) 

l=-Ns,^ \ 


(28) 

where 


> '^s„„[ 0 ,p-e]'HB ( 6 -e) 


11 ^/^ A 

—r—-^^'(m(ll))(l + 0 ( 1 )) - E K{u), 

A{u)m(u) 

^ ^ ' 1—1 


2((ii) = E ^1 ®op Zu{s,t) > rn{u) sup Zu(si, ti) > m(ii) 


1 = 1 , 2 , 
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with r'l = {(Z, li),-Ns,u <l <li + l< Ns,u} and = {(/, /i), -Ns,u <l = h + l< Ns,u}- 

Following the same lines of argument as in (see also (ESI) or Ei)), we get that is negligible compared 

with the first term in (E51) . Hence, comparing (l?7l) with (E51) and letting e —>■ 0, we obtain that for —>■ p G (0, oo), 

(29) 

Finally let us suppose that —>■ p = 0. Clearly, for any e > 0, 

^o(u) < < ^'A(u)e('u)- 

Hence, by (gSl), ^'a(«)£(m) ^ [0^ ^~^^^v^ A(«)m(«) ^(™('^))- Moreover, following [B], we have ^o{u) - 

Thus, using that lime_,.o [0, e] = 1, we arrive at 

, u^/P 

“ /\[u)m[u) 

which completes the proof. □ 


5.2. Proof of Theorem 13.21 In view of the proof of Theorem 13.11 using the same notation for m^\{u), gk,i{u) and 
Ku, conditions PI—P4 hold with 


(30) 


Bk,i{u,t,s,ti,si) := (cTids 


si|) + cr?(|t-ti|)) 


(1 + c ( t *)^)2 2 a ‘^{ u ^/ PT *) ’ 


where cri(<) = u'(t). Thus, following Lemma ISTTl 


(sup((^^)g 7 ^ Zu{s,t) > mf. i(u)^ 
^("ifcj(^)) 


"HudO, S'] ) = ( % i+e(T*)g 




[0,S] 


OO, 


where V{t,s) := + X(^i(s)) with being independent copies of X 

The rest of the proof goes line-by-line the same as the proof of Theorem 13.11 


□ 


5.3. Proof of Theorem 13.31 Similarly to the proof of Theorem 13.21 P1-P4 hold with 

(7^(A(u)|s — Sij) -I- a^{A{u)\t — til) cr^(A(it)) 


0k,i{u,t,s,ti,si) := 


aHA{u)) 




for (t, s), (ti,si) G [0,S]2, (fc,/) G Ku 
In view of Lemma 15.11 


(sup((^)g/^ Zu{s,t) > 


4'( 




nv{[o,s]^) = {nB^ JO, s])\ u^oo, 


where V{t,s) = Ba^{t) + Bal,{s) with Ba^ and Ba^ being independent fBms with index Ooc- The rest of the 
proof follows the same idea as the proof of Theorem 13.11 □ 
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5.4. Proof of Theorem 13.41 Similarly to (IT^ . we have 
(31) 
where 


Tr™^{u) < < 7 r™^('u) + P ( inf sup Zu{s,t) > m{u) I , 


7 r™^(u) = P [ inf sup Zu{s,t) > m{u) ) . 

\te[o,Tnu-^/i^] s-teE{u) j 


Due to Lemma inini we get 


inf sup Zu{s,t) > m{u) < 


(32) 


= o 


sup sup Zu{s^t) > m{u) 

s — t^E{u) y 


tG[0,T„u-i//3] s-t^E(u) 


A{u)m{u) 


Next we focus on the asymptotics of 7 r^'('u). 

Case ip = 0 and p £ (0,oo). In order to get the asymptotics of TTip^{u) we slightly modify arguments used in (l?7l) 
and (l28)l . Let D{p ± e,M) = [0, (p ± e)^^] and Fi{u) = [tu + I^^S,Tu + {I + l)^^^]. Note that functional 
$ := inf sup satisfies F1-F2. Using that P1-P4 have been checked in the proof of Theorem 3.1, following Lemma 
15.11 we have 


7r™^(u) < 


< 


< 


Ns,u+2 / \ 

pf inf sup Zu{s,t) > m(u)] 

Ws,u+2 / \ 

p[ inf sup Zu{s,t) > ttIq I{u)\ 

y^D{p+e,u) ’ J 

Ns,„+2 

Z P’ P + [0, 5']4'(m"j(u))(l + o(l)) 

i=-As,„-l 

yl/P 

-vk(m(w)), 




A{u)m{u) 

with Ns,u and m'^Ku) defined as in the proof of Theorem 13.II Similarly, 

^S,u / \ ^ 

Et^(u)> y^ pf inf sup Zu(s,t) > m(u)\ — y^E'Uw), 


i=l 


with 


'Z!l{u) = y P inf sup Zu{s,t) > m{u) inf sup Zu(si,ti) > m{u) , f = 1,2, 

{llAer' s6F,(ii) t€D(p-e,u) s^Fi^iu) J 

where L'^ = {{I, k), -Ns^u < I < h + 1 < Ns^u} and r '2 = {{I, li),-Ns,u < I = k + ^ < Ns^u}- 
Clearly (by the proof of Theorem 13.11) 

22 / 

Es'/(") < E E P( sup sup Zu{s,t) > m{u) sup sup Zu(si,ti) > m(u) 


i=l 


i=i (pij)gr' \teD{p-e,u) seFi{u) 


t£D{p—e,u) s£Fi^{u) 




A{u)m{u) 


d'(m(M)) 
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and 


E 

l=-Ns,, 


( \ , yl//3 

inf sup Zuis,t) > m{u)] >[0, p - cJ-Hb (b + 
iGD(p-e.-!i) / 0 A{u)m{u) 




Thus, letting e —>■ 0, in view of (l?T|) and (15^ . we obtain 


(33) 




,l//3 


A(u)m{u) 


dt(m(M)). 


Case f/3 = 0 and p = 0. The idea of proof is based on the observation that 

i’eAiu)iu) < Iprliu) < '4}o{u) 

holds for any e > 0 and u sufficiently large. Following ([32]), (w) = [0, 

o(l)) as M —>■ oo. Using that, due to |6], ■i/'o(u) = ®(1)) as m —>■ oo and 

hme_>o p7 e] = 1; the proof is completed. 

Case p € (0, oo] with p S [0, oo). The proof of this case can be established in the same way as presented the above. 

□ 


6. Appendix 


In the appendix we present the proofs of Lemma 15.1115.51 

Proof of Lemma l5.ll Since in large part the proof is the same as the proof of Lemma 2 in |5], we present the steps 
that confirm extension to the class of continuous functionals $ that satisfy F1-F2. By the classical transformation, 
for any G K^, we have 




(34) 


V^gk^ (w) 

In light of F2, we have 


e-haljn) / g^g " ( $(X(“’'^“)) > gkM = gkM " 


5/c„(m) 


dw 


p [ci,(X(“’'^“)) > 5fc„(u) = gfe„(u) - 

V 9kAu)J 

= P {^dk^iu) - r„,fc„(t)A^“’'““^^ - gl^{u){l - Vu.kS^)) + w{l - r„,fc„(t))^ > w'^ , 

with Tu.k^it) = E The reasoning as used in Lemma 2 in [B], in view of ([2]), F1-F2 and P1-P4 

implies that 


<& 


(^9k^iu) - gl^iu){l - TuM^it)) +ii;(l - ru,k^ 


weakly converges to $ (•\/2U(t) — crv(t)) . Besides, (|9|) and P3 lead to, for u large enough, 

gl^ (m)E (s)a(“’'^'‘)) ' < Q ^ |s, - C 


2=1 
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Thus by FI and Fernique inequality, we derive for u large enough, 

P {gkSu) - 5fc^(u)(l - ru,k^{t)) + w{l - ru,k„{t))'j > ivj 

< P ^sujo (^gk^ {u) - ru,k^ - gl^ (u)(l - {t)) + w(l - (t))^ > iv^ 

< P Tsup gk^ (u) - ru,k^ > w - ai^ 

\teM '' ' ) 


with Oi, z = 1, 2, 3 positive constants. The above gives the function that (uniformly) dominates the integrant in (I34[) . 
Then using the dominated convergence theorem, we can get the claim. □ 

Proof of Lemma 15.21 Since the upper bound is straightforward, we focus on the proof that cr^(t) > C\t^ in a 
neighbourhood of 0. For this we use a slight modification of the arguments given in [5]. 

From AI, there exists Tq > 0 such that for all T > Tq we have cr(T) > 0 and cr^(T) > 0. 

Observe that 


a(ro)u(t) > E (A(ro)A(t)) > 2-i {a^T^) - a^{\To - t|)) . 


Thus, by Taylor expansion, with pt G (0,t) (and t > 0 small), we get 

u2(T) -a^{T-t)= a^iT - pt)t < 2a{T)a{t), 
which implies that a^{t) > in a neighbourhood of zero. 


□ 


Proof of Lemma l5.3l Recall that (T„(r) = cr(yi/^)(i+lTf^) ' UCT (see, e.g., Theorem 1.5.2 in [3]) we have that 
(35) lim cr„(r) = ^ = g(r) 

u—>-oo i -|- CT^ 


holds uniformly on (0, S] for any S' > 0. Moreover 




1//3 


—y j is the unique maximizer of (/(r). Further, by 
Potter’s theorem in (see, e.g., 0), for any 0 < e < (3 — Ooo there exists a constant Ue > 0 such that for all r > 1 and 
u > Uf, we have 


(36) 


r“oo+« 




+ ctP 


as T —>• oo. Combing (1331) with (1351) we conclude that there exist Si, S 2 such that for sufficiently large u the maximum 
of <7u{t) is attained in [Si, S 2 ] with 0 < Si < r* < S 2 < 00 . Moreover, by AI, 


(37) 


^uij) g(r), ct„(t) ^ 5(r), t G [Si, S 2 ] 


and g{T*) < 0 . 

The above implies that, for each sufficiently large u, there exists unique Tu such that r„ —> r* as u —>■ 00 , cr„(r„) = 0 
and au{Tu) < 0. This implies that is the unique maximizer of cru(T), for sufficiently large u. 
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It is straightforward to check that 


9{t) 

9{t*) 





r*f(l + o(l)), r^r*, 


which combined with (|35)l and (1^ yields (ITT]) . 
Proof of Lemma 15.41 By direct calculations, 


□ 


1 - ru{s,t,si,ti) = 

2a{u^/^{s — t))a{u^/^ {si — ti)) + — ti|) + cr^(u^/^|s — Si|) — — ti)) — — t)) 

2a{u^/l^{s — t))(j{u^/P {si — ti)) 

_ Du\s,t,si,ti) - D^u\s,t,si,ti) + D^u'’{s,t,si,ti) 

2a{u^/l^ {s — t))a{u^/^ {si — ti)) ’ 


where 


- til) + - Si|), 

-t) - a{u^^^{si-ti))j , 


D!u\s,t,si,ti) 


a^(u^^^{s — t)) + — tl)) — — tl)) — — t)). 


Due to UCT, as M —>■ oo, 


(38) 


<rHn'>V ^ 


t e (o,^], s>o. 


It follows from mean value theorem and (IMll that for |t — ti| < 6u,s — t, si — ti G E{u), with 9 G E{u), 


(39) 




< 


< 


(u^/^a{u^/^d){s - Si -t + ti)Y al^a^(u^/^0)(s - Si - t + ti)^ 

— ti|) + — si|) 02 — ti|) + a‘^{u^l9\s — si|)) 

2ag^g^(u^/^0)((s - si)^ + {t- tif) 

02 (cr2(ul//5|t — ti|) + a'^{v}/P\s — SiD) 

2al^a‘^{u^>^9){s- sif 2al^a‘^(v}/Pe){t - hf 

9'^a‘^{u^/^\s — Sl\) 02(T2(u^/^|t — tl|) 


Using Taylor expansion, we have 


Di^Hs,t,si,ti) = 


< 


yl//3^2(yl//3(g _ ti)){ti — t) + -u‘^^^a‘^{u^^^9i){t — ti)^ 
W^^a^U^/^{si - t)){t - h) + iu2//3^2(yl//302)(i _ tif 
- tif + iu2//3^2(yl//302)(i _ tif 
+'U^/^CT 2 (u^/^ 03 )(tl - t){s - Si + t - ti) 

0-2 (^ 1 //^ 5 ( 2 ) + 2ct2(u^/^03)^ {t - ti) 
+2u^/^a^{u^/^93)is- Sif, 


u2//5(ia2(uV/30i)+l 


2 
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where 0i, 62 and 63 are some positive constants satisfying ^ < 9i < |t*, i = 1, 2, 3, for u sufficiently large. Similarly, 
in the light of (1551) . for \t — ti\ < 6 u,s — t, si — fi € E{u), 


(40) 




u —>■ 00 . 


Hence, the combination of (1391) and (l40l) implies the assertion. 

Proof of Lemma 15.51 Substituting s and si by t + r and ti + ti respectively yields 


□ 


ru{t + T,t,ti + Ti,ti) 

cr^(^u^/P\t — ti + r|) + — t + ti|) — — ti + r — ti|) — — ti|) 

2tT(it^/ PT)a{u^/^Tl) 

Now suppose ti > t and ti —t > R with R a large enough positive constant. Using Taylor expansion at point ti — t, 
we have 


— t — t)) + — t + ri)) — — t + ti — r)) — — t)) 

= — t)) — ^ — t + 9 i{u)))u^^^t^ 

- t)) + - t + 92{u)))u^IPtI 

- - t)) + - t))v}/^{Ti - r) + - t + 93{u)))u^/ ^{ti - 

= {ti — t + 9i{u)))u^^^t‘^ + -(7'^{v}^^ {ti —t + 92 {u)))u^^^tI 

- t + 6»3(u))u^/^(ri - r)^. 


where 9i{u),i = 1,2,3 are some constant satisfying |0i(it)| < 2T*,i = 1,2,3 for u large enough. Further, by AI, we 
have 


(j2(yl//3(^^ — t + 9 ))u^/^ 


(j‘^{y}/P{ti — t + 9))v?/^{tl —t + 9Y 


aiv}! ^tx) 


(j‘^{u^/P{tx-t + 9)) 

a[v}l&T')a(v}l ^Ti){ti — t + 6*)2 


< Q2aoo|2aoo 


(ti - t + 6 ») 2 ““+'^ 
(r*)2“-+^(U-t + 0)2 


Qi 

“ {ti -t + 6<)2-2«=o-£’ 

where Q and Qi are two fixed positive constants, |0| < 2 t* and 0 < e < 2 — 2aoo. Thus we have, as i? —>■ 00 , 

— t + 9))v?/^ 

which implies that for u large enough, |t — U | > i?, r, ti € E(u) 


+ TU + n,U) ^ 0 , R^oo. 


Next we concentrate on the case of |t — ti| < R, r, Ti G E{u) with R a positive constant. Applying UCT, we have 

|t - ti + +\t3-t + ri|2“~ -\t-ti + T- ri|2“~ - \t - Up"- 


ruit + T,t,ti + ri,ti) 


2 T““rf 
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^ i (|1 + + |1 + ^ l '“- - 

with = X. It is straightforward to check that sup^gj^ 1/(2;) | < 1 for any <5 > 0. This completes the proof. □ 
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